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Abstract This paper deals with the electro-elastic coupling interaction between a piezoelectric
screw dislocation which is located inside the elliptical inhomogeneity and an electrically conductive
confocal rigid line under remote anti-plane shear stresses and in-plane electrical loads in piezoelectric
composite material. The analytical-functions of the complex potentials, stress ﬁelds and the image
force acting on the piezoelectric screw dislocation are obtained based on the principle of conformal
mapping, the method of series expansion, the technical of analytic continuation and the analysis of
singularity of complex potentials. The rigid line and the piezoelectric material property combinations
upon the image force and the equilibrium position of the dislocation are discussed in detail by
the numerical computation. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1106102]
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The interaction of dislocations with inclusions
or cracks plays an important role in analyzing the
strengthening and hardening mechanisms of many ma-
terials, which is attributed to the fact that the mo-
bility of dislocations can be signiﬁcantly inﬂuenced by
the presence of inclusions. Therefore, a large amount
of research achievements1–6 have been brought out on
this topic in non-piezoelectric materials till now. Piezo-
electric composites have become an important branch
of modern engineering materials with fast development
of the intelligent materials and structures due to their
intrinsic electromechanical coupling phenomenon. A
great deal of work7–10 has been conducted on electro-
elastic coupling characteristics of piezoelectric compos-
ite materials. Hard inclusions may be formed easily in
piezoelectric composite materials in the course of pro-
cessing and using. Liu et al.11 studied the electro-elastic
interaction between a piezoelectric screw dislocation lo-
cated either outside or inside inhomogeneity and cir-
cular interfacial rigid lines under anti-plane mechanical
and in-plane electrical loads in linear piezoelectric mate-
rials. Chen et al.12 carried out the electro-elastic stress
investigation on the interaction between a piezoelectric
screw dislocation and collinear rigid lines under anti-
plane mechanical and in-plane electrical load.
The elliptical inhomogeneity containing a confocal
rigid line is a typical model, which is often used by
some scholars because analytical solutions about related
problems can be obtained, moreover, it can describe the
inﬂuence of the schistose rigid inclusion in reinforce-
ment. Wu et al.13 discussed the elastic ﬁeld and elec-
a)Corresponding author. Email: jiangchunzhi@126.com.
tric ﬁeld of a rigid line in a confocal elliptic piezoelec-
tric inhomogeneity embedded in an inﬁnite piezoelectric
medium. In the present work, we discuss the problem
of the electroelastic interaction between a piezoelectric
screw dislocation and an electrically conductive confocal
rigid line under anti-plane shear and in-plane electrical
ﬁeld in piezoelectric material.
Let us consider an inﬁnite piezoelectric matrix (with
electro-elasticity modulus M2 occupied the region S
−)
containing an elliptical cylindrical inhomogeneity (with
electro-elasticity modulus M1 occupied the region S
+)
and a confocal rigid line, which is inﬁnitely long in the
z-direction and free of force, subjected to remote lon-
gitudinals shear, in-plane electrical ﬁeld. Both the ma-
trix and the inhomogeneity are assumed to be trans-
versely isotropic with an isotropic xoy-plane. A piezo-
electric screw dislocation b = [bz, bϕ]
T is located at arbi-
trary point z0 in the inhomogeneity. Longitudinal shear
stresses τ∞xz and τ
∞
yz , as well as electric displacements
D∞x and D
∞
y , are applied at inﬁnite.
Referring to the work by Liu et al.,11 we in-
troduce the vector of generalized displacement U =
[w, ϕ]T, generalized stresses Σx = [τxz, Dx]
T, Σy =
[τyz, Dy]
T and generalized strain Yx = [γxz,−Ex]T,
Yy = [γyz,−Ey]T. All of these vectors can be expressed
by a generalized analytical function vector f(z) =
[fw(z), fϕ(z)]
T, where z = x+ iy is the complex vari-
able,
U = Re[f(z)], Yx− iYy = f ′(z), Σx− iΣy = Mf ′(z),
(1)
where M =
[
C44 e15
e15 − d11
]
, C44 is the longitudinal
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Fig. 1. The model in physical plane.
Fig. 2. The model in transformed plane.
shear modulus at a constant electric ﬁeld, e15 is the
piezoelectric modulus, d11 is the dielectric modulus at
a constant stress ﬁeld.
Using Eq. (1), we can represent the resultant force
and the sum of the normal component of the electric
displacement along any arc AB as
T =
∫ B
A
(Σxdy −Σydx) = M Im[f(z)]BA , (2)
Introduce the following mapping function14
z = ω(ζ) =
c
2
(
Rζ +
1
Rζ
)
,
Rζ =
z
c
[
1 +
√
1−
( c
z
)2 ]
, (3)
where ζ = ξ + iη, c =
√
a2 − b2 and R =
√
(a+ b)/(a− b), 2a and 2b are the major and minor di-
ameters of the elliptical inhomogeneity. Using the map-
ping function, we map the elliptical curve and the rigid
line in the z-plane onto the concentric circles L1, L2 in
the ζ-plane with radius 1, 1/R respectively, see Figs. 1,
2.
Using the mapping function (3), we can rewrite
Eqs. (1) and (2) in the ζ-plane.
The boundary conditions for the above problem can
be expressed as follows
U1 = U2, T1 = T2, |t| = 1. (4)
Applying Riemann-Schwarz’s symmetry principle,
we introduce the following new analytical function vec-
tors in the corresponding region
f1∗(ζ) = −f¯1
(
1
ζ
)
, 1 < |ζ| < R, (5a)
f2∗(ζ) = −f¯2
(
1
ζ
)
, |ζ| < 1, (5b)
and can express the boundary conditions as
(f1(t) + f2∗(t))
+
= [f2(t) + f1∗(t)]
−
,
|t| = 1, t = eiθ, (6a)
(M1f1(t)−M2f2∗(t))+ = [M2f2(t)−M1f1∗(t)]− ,
|t| = 1, (6b)
where the subscripts 1 and 2 represent the regions of
inhomogeneity S+ and matrix S−. The superscripts
+ and – denote the boundary values of the physical
quantity as z approaches the interface from S+ and
S−, respectively.
The generalized analytical function vectors in region
S+ and S− can be written as
f1(z) = B ln(z − z0) + f10(z), z ∈ S+, (7a)
f2(z) = Γ z +B ln z + f20(z), z ∈ S−, (7b)
where B = b/2πi, Γ = M2
−1
{
τ∞xz − iτ∞yz
D∞x − iD∞y
}
is de-
termined from the far-ﬁeld loads, f10(z) and f20(z) are
holomorphic in region S+ and S− respectively.
Transforming the analytical function vectors into ζ-
plane, considering the boundary L2, U1 is a constant,
and then using Cauchy integrals,15 we can obtain the
following analytical function vectors.
f1(ζ) = B
[
ln(ζ − ζ0) + ln
(
1− 1
R2ζ0ζ
)]
+
∞∑
k=0
Λ−1 (M1−M2)B
(k + 1)
[
ζ−k−10 +
(
R2ζ0
)k+1]
ζk+1+
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∞∑
k=0
Λ−1
k + 1
[
(M1+M2)B
(
ζ−k−10 − ζ0
−k−1)
+ (M1−M2)B
(
ζk+10 +R
−2k−2ζ−k−10
)]
ζ−k−1+
Ω−1M2cR
(
R2Γ ζ − Γ ζ−1) , (8a)
f2(ζ) = B
[
ln(ζ − ζ0) + ln
(
1− 1
R2ζ0ζ
)]
+
∞∑
k=0
B
(k + 1)
(
ζ−k−10 − ζ0
−k−1)
ζ−k−1+
∞∑
k=0
Λ−1
k + 1
[
(M1+M2)B
(
ζ−k−10 − ζ0
−k−1)
+ (M1−M2)B
(
ζk+10 +R
−2k−2ζ−k−10
)] (
1−R2k+2) ζ−k−1+
cRΓ
2
ζ − cRΓ
2
ζ−1 −Ω−1M2cRΓ
(
1−R2) ζ−1, (8b)
where Ω =
[
(M1+M2)R
2 + (M1−M2)
]
, Λ =[
(M1+M2)R
2k+2 + (M1−M2)
]
.
The image force acting on the dislocation is a sig-
niﬁcant physical parameter, which can be calculated by
using the generalized Peach-Koehler formula by Pak16
as follows
Fx − iFy = ibT
(
Σ0x − iΣ0y ,
)
, (9)
where Σ0x − iΣ0y denotes the perturbation generalized
stress at the dislocation point, and they can be written
as
Σ0x − iΣ0y = M1
{
B
R2ζ30 − ζ0
+
∞∑
k=0
Λ−1 (M1−M2)B
(
ζ−10 + ζ0
k+1
R2k+2ζk0
)
+Ω−1M2cR
(
R2Γ + Γ ζ−20
)
+
∞∑
k=0
Λ−1
[
(M1+M2)B
(
ζ−k−20 ζ0
−k−1 − ζ−2k−30
)
− (M1−M2)B
(
ζ−10 +R
−2k−2ζ−2k−30
) ]} · 2Rζ20
cR2ζ20 − c
,
(10)
Fx − iFy = 1
π
{
bTM1b
R2ζ30 − ζ0
+
∞∑
k=0
bTM1Λ
−1 (M1−M2) b
(
ζ−10 + ζ0
k+1
R2k+2ζk0
)
+
ibTM1Ω
−1M2cR
(
R2Γ + Γ ζ−20
)
+
∞∑
k=0
bTM1Λ
−1
[
(M1+M2) b
(
ζ−k−20 ζ0
−k−1 − ζ−2k−30
)
−
(M1−M2) b
(
ζ−10 +R
−2k−2ζ−2k−30
) ]} · Rζ20
cR2ζ20 − c
. (11)
We take the piezoelectric screw dislocation vec-
tor [bz, bϕ]
T = [1.0 nm, 0m]T and introduce u =
C
(2)
44 /C
(1)
44 , v = e
(2)
15 /e
(1)
15 . In this section, we aim
at discussing how the electroelastic parameters ratio
aﬀect the image force. Assume that the piezoelec-
tric matrix is PZT-4 with the electroelastic proper-
ties: C
(2)
44 = 2.56 × 1010 N/m2, e(2)15 = 12.7 C/m2,
d
(2)
11 = 6.46 × 10−9 C2/Nm2. The inhomogeneity is
another piezoelectric material and d
(2)
11 /d
(1)
11 = 1. We
consider the typical case that piezoelectric screw dislo-
cation lines at the point x0 on the positive x-axis deﬁne
Fx0 = 2πFx/C
(1)
44 b
2
z. The variation of Fx0 with respect
to the relative position of the dislocation (x0/a) is de-
picted in Fig. 3 with diﬀerent values of u when v = 1.
Figure 4 shows Fx0 versus x0/a with diﬀerent values of
v when u = 1.
It is observed that the image force is positive ﬁrst,
and then becomes negative with the dislocation mov-
ing away from the rigid line to the interface when u > 1
(the inhomogeneity is softer than the matrix) and v = 1.
There is a stable equilibrium position in x-axis. When
u = 1 and v = 1, the dislocation is in the homogeneous
piezoelectric material, and is repelled by the rigid line,
therefore moves towards the interface of the inhomo-
geneity. When u < 1, the image force is always posi-
tive, and reaches a large value when the dislocation is
tending to the interface of the two materials. This is
because that the rigid line repels the dislocation while
the soft matrix attracts the dislocation. It is shown that
the eﬀect of electroelastic properties on the image force
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Fig. 3. The Fx0 versus x0/a with diﬀerent u.
Fig. 4. The Fx0 versus x0/a with diﬀerent v.
is signiﬁcant only when the dislocation is very close to
the interface. From Fig. 4, we observe that there is a
stable equilibrium position where the image force equals
zero when v = 1 and u = 1.
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